Abstract. Let R be an arbitrary ring with identity and M a right R-module. In this paper, we introduce a class of modules which is an analogous to δ-supplemented modules and principally ⊕-supplemented modules. The module M is called principally ⊕-δ-supplemented if for any m ∈ M there exists a direct summand A of M such that M = mR + A and mR ∩ A is δ-small in A. We prove that some results of principally ⊕-supplemented modules can be extended to principally ⊕-δ-supplemented modules for this general settings.
Introduction
Throughout this paper all rings have an identity and all modules are unitary right modules. N ≤ M will mean N is a submodule of M . A submodule N of a module M is called small in M if for every K ≤ M the equality M = N +K implies M = K. Let N and P be submodules of M . We call P a supplement of N in M if M = P + N and P ∩ N is small in P . A module M is called supplemented if every submodule of M has a supplement in M ( [10] ). In [18] in M (see [8] in detail). Note that every supplemented module is δ-supplemented.
Following [10] In what follows, by Z, Q, Z n and Z/nZ we denote, respectively, integers, rational numbers, the ring of integers and the Z-module of integers modulo n. M n (R) stands for the ring of all n × n matrices over R. For unexplained concepts and notations, we refer the reader to [1] and [10] .
δ-Small Submodules and δ-Supplement Submodules
We collect basic properties of δ-small submodules in the following lemma which is contained in [18] . (2) If K is δ-small in M and f : M → N is a homomorphism, then f (K) is δ-small in N . In particular, if K is δ-small in M ⊆ N , then K is δ-small in N .
δ-small in M 1 ⊕ M 2 if and only if K 1 is δ-small in M 1 and K 2 is δ-small in M 2 .
(4) Let N , K be submodules of M with K δ-small in M and N ≤ K. Then N is also δ-small in M .
The next lemma is clear from definitions.
Lemma 2.2. Let M be a module and m ∈ M . Then the following are equivalent.
(1) mR is not δ-small in M .
(2) There is a maximal submodule N of M such that m ∈ N and M/N is singular.
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Let M be a module and m ∈ M . A submodule L is called a principally ⊕-δ-supplement of mR in M if mR and L satisfy Lemma 3.1 and the module M is called principally ⊕-δ-supplemented if every cyclic submodule of M has a principally ⊕-
In [6] , a module M is called principally δ-lifting if for each m ∈ M , M has a decomposition M = A ⊕ B with A ≤ mR and mR ∩ B δ-small in B (equivalently, in M ). Every principally δ-lifting module is a principally ⊕-δ-supplemented module. Principally ⊕-supplemented modules are introduced and investigated in [14] . The module M is called principally ⊕-supplemented if every cyclic submodule has a supplement which is a direct summand of M . Hence every principally ⊕-supplemented module is also principally ⊕-δ-supplemented. In [7] , M is said to be a principally δ-supplemented module if for every cyclic submodule of M has a δ-supplement in M . Note that, every principally ⊕-δ-supplemented module is principally δ-supplemented. We show that the class of principally ⊕-δ-supplemented modules lies strictly between classes of principally ⊕-supplemented modules (principally δ-lifting modules) and principally δ-supplemented modules.
In the same direction as preceding paragraph one may define principally δ-⊕-supplemented modules. A module M is called principally δ-⊕-supplemented if for every cyclic submodule mR of M , M has a direct summand which is a δ-supplement of mR in M , that is, for any m ∈ M there exists a direct summand A of M such that M = mR + A and mR ∩ A is δ-small in A. So a principally δ-⊕-supplemented module is the same as a principally ⊕-δ-supplemented module. (2) Consider the Z-module M = Q ⊕ (Z/2Z). We prove M is a principally ⊕-δ-supplemented module but neither supplemented nor lifting. It is routine to show that M = (1, 1)Z+(Q⊕(0)). Let (u, v) ∈ M . Assume that v = 1 and u = 1. In this case we prove M = (u, v)Z + (Q ⊕ (0)). Let (x, y) ∈ M . We have two possibilities.
If M were supplemented Z-module, its direct summand Q would be supplemented Z-module. A contradiction. So M is neither supplemented nor lifting.
Recall that a submodule N of a module of M is called fully invariant if f (N ) ≤ N for all endomorphisms f of M , and M is said to be a duo module (or weak-duo) if every submodule (or direct summand) of M is fully invariant (see for detail [12] ). The module M is called distributive if for all submodules K, L and N of M ,
3 is well known and it is obvious from definitions.
Recall the definitions for some of the terms to be used in the sequel. An Rmodule M is said to be π-projective if for every two submodules U , V of M with (1) M is a distributive module.
(2) M is a π-projective module. By the summand intersection property of M , U ∩ A is a direct summand of M . Let are small submodules of M . Thus M is a principally ⊕-supplemented module and so principally ⊕-δ-supplemented. On the other hand, M is not principally δ-lifting, by [6] .
Every principally ⊕-δ-supplemented module need not be principally ⊕-supplemented,
as Example 3.43 shows. But in some cases these modules coincide. Proof. The first assertion is clear. Let M be a principally δ-supplemented module and m ∈ M . Let A be a submodule of M with M = mR + A and mR ∩ A δ-small
Next example shows that there exists a principally δ-supplemented module which is not principally ⊕-δ-supplemented. Because of the following example it can be said that any submodule of a principally ⊕-δ-supplemented module may not be principally ⊕-δ-supplemented.
Example 3.10. Consider Q as a Z-module. Since every cyclic submodule of Q is small and so δ-small in Q, Q is principally ⊕-δ-supplemented. But the submodule Z of Q is not principally ⊕-δ-supplemented as a Z-module since 2Z does not have any principally ⊕-δ-supplement in Z.
Now we investigate conditions which ensure that a homomorphic image and so a direct summand of a principally ⊕-δ-supplemented module is principally ⊕-δ-supplemented.
Theorem 3.11. Let M be a distributive principally ⊕-δ-supplemented module.
Then every homomorphic image of M is principally ⊕-δ-supplemented. Proof. Let m ∈ M and consider the submodule mR of M/N . By hypothesis, there
Then there exists a direct summand
Hence the proof is completed.
Lemma 3.14. Let M be a module and N a fully invariant submodule of M . If As an immediate consequence of Proposition 3.15, we deduce that if M is principally ⊕-δ-supplemented, then so are M/Rad(M ) and M/Soc(M ).
Corollary 3.16. Let M be a weak-duo and principally ⊕-δ-supplemented module.
Then every direct summand of M is principally ⊕-δ-supplemented.
Recall that a module M has D 3 if whenever M 1 and M 2 are direct summands 
Recall that a module M is called regular (in the sense of Zelmanowitz) [17] if
for any m ∈ M there exists a map α ∈ Hom R (M, R) such that m = mα(m) and it is known that every cyclic submodule of a regular module is a direct summand.
Hence any regular module is principally ⊕-δ-supplemented. We give an example to show that principally ⊕-δ-supplemented modules need not be a regular module. is a principally semisimple module if M has one of the following conditions.
(1) M is a distributive module.
(2) M is a projective module.
Proof.
(1) For any m ∈ M , there exists a direct summand A of M such that M = mR+A and mR∩A is δ-small in A. So mR∩A is δ-small in M . By distributivity of 
Hence every principal submodule of M/Rad δ (M ) is a direct summand in either case. Therefore M/Rad δ (M ) is principally semisimple. Otherwise let m 2 ∈ m 1 R such that m 2 R = m 1 R. Similarly, there is m 2 ∈ m 1 R such
we stop. Otherwise we continue in this way. Since mR is cyclic, this process must terminate at a finite step, say n. At this step all direct summands of mR should be simple. This completes the proof. 
and
By hypothesis this procedure stops at a finite number of steps, say t. At this stage
Since M has the ascending chain condition on direct summands, without loss of generality, we may assume that all cyclic submodules m 1 R, m 2 R, m 3 R, ..., m t R to be simple. This completes the proof. (1) M is principally ⊕-δ-supplemented.
Proof. We prove only (1) ⇒ (3) since (2) ⇔ (3) is proved in [14] and (3) ⇒ (1) is clear. Let M be a principally ⊕-δ-supplemented module and m ∈ M . There exists a direct summand A of M such that M = mR + A and mR ∩ A is δ-small in A.
Since mR ∩ A is also δ-small in M and Rad δ (M ) = 0, mR is a direct summand of M . Therefore M is principally semisimple.
It is known that every von Neumann regular ring has zero Jacobson radical. But there are von Neumann regular rings R with J δ (R) = 0 as the following example shows.
Let R be the subring of Q generated by
F i and 1 Q . Then R is von Neumann regular and Note that each hollow module is δ-hollow, and each δ-hollow module is principally δ-hollow and so principally ⊕-δ-supplemented. Let M be a module. Clearly, if
Theorem 3.34. Let M be a projective module having Rad δ (M ) finite uniform dimension. Consider the following statements.
(1) M is a direct sum of principally ⊕-δ-supplemented modules. Now we prove each M j is principally δ-hollow or a finite direct sum of principally δ-hollow modules, for j ∈ J. Let j ∈ J. Since M is projective, M j is also projective. Then Rad δ (M j ) = M j by [18, Lemma 1.9] . We complete the proof by induction on the uniform dimension. Suppose that M j has uniform dimension 1,
This is a contradiction. Hence K = 0 and so M j = xR. It follows that M j is principally δ-hollow. Now suppose that n > 1 be a positive integer and assume each M j having uniform dimension k(1 ≤ k < n) is principally δ-hollow or a finite direct sum of principally δ-hollow submodules. Let j ∈ J and assume M j has uniform dimension n. Suppose M j is not principally δ-hollow. Let x ∈ M j \Rad δ (M j ) such that M j = xR. Since M j is principally ⊕-δ-supplemented, there exist submodules (1) M is principally ⊕-δ-supplemented.
is principally semisimple by Lemma 3.26.
(2) ⇒ (1) Let mR be any cyclic submodule of M . By (2), there exists a submodule
Hence mR∩U ≤ Rad δ (M ) and it is δ-small in M . Since M = mR+U and being M refinable, there exists a direct summand A of M such that A ≤ U and M = mR+A.
Since mR ∩ A ≤ mR ∩ U is δ-small in M and A is a direct summand of M , by Clearly for a R right δ-V-ring, every right R-module is both δ-small projective and δ-small injective.
Lemma 3.36. Let R be a ring and consider the following conditions.
(1) R is a right δ-V-ring.
(2) Every right R-module is δ-small projective.
(3) Every right R-module is δ-small injective.
Proof. 
Applying Hom(N, −) to that sequence, by (2) we have an exact sequence Let x ∈ Kerf ∩ g(K). There is y ∈ K such that g(y) = x and f (x) = 0. Then π(y) = f (g(y)) = f (x) = 0. So y ∈ mR and x = g(y) ∈ g(K ∩ mR). Hence g(K)∩ Kerf = g(K ∩ mR) and it is δ-small in P and therefore in g(K). Since g is an isomorphism between K and g(K), g −1 (g(K)∩Kerf ) is δ-small in K. Because K ∩ mR ≤ g −1 (g(K)∩Kerf ), K ∩ mR is δ-small in K by Lemma 2.1(4). Now we can give a characterization of principally δ-semiperfect rings by using the notion of principally ⊕-δ-supplemented.
Corollary 3.41. Let R be a ring. Then the following are equivalent.
(1) R is principally δ-semiperfect.
(2) R is principally ⊕-δ-supplemented.
Proof. Clear by Theorem 3.40.
It is known that a ring R is semisimple if and only if every R-module is projective.
As a consequence of Theorem 3.40, we have the next result.
Corollary 3.42. Let R be a semisimple ring. Then every R-module is principally ⊕-δ-supplemented if and only if every R-module is principally δ-semiperfect.
We conclude this paper by giving the aforementioned example which shows that every principally ⊕-δ-supplemented module need not be principally ⊕-supplemented. where K = 0 F 0 0 and R is δ-perfect. Hence R is principally δ-semiperfect. By Corollary 3.41, R is principally ⊕-δ-supplemented.
